Abstract-The use of massive multiple input multiple output (MIMO) techniques combined with orthogonal frequency division multiplexing (OFDM) modulations is being proposed for future broadband wireless systems such as 5G cellular networks. However, although these combination brings large capacity gains, it also suffers from two important drawbacks: the high implementation complexity inherent to the large number of antenna elements and the high sensitivity to nonlinear distortion effects due to the large peak-to-average power ratio (PAPR) of OFDM signals.
I. INTRODUCTION
Multiple input multiple output (MIMO) schemes are known to allow huge capacity gains [1] . Although this can be achieved in different ways, the simplest and more popular approach is to employ multiple transmit and receive antennas. These antennas can be placed at the same device (e.g., in layered space time (LST) schemes) or in different devices (e.g., a base station (BS) communicating simultaneously with different mobile terminals (MTs)). Regardless of the adopted antenna configuration, the capacity gains can be the result of power/diversity gains and/or spacial multiplexing gains. For these reasons, MIMO schemes were selected for different broadband wireless systems since the late 90s. Since MIMO gains increase with the number of antennas, there is interest in MIMO systems with a huge number of antennas, usually denoted massive MIMO schemes. Massive MIMO schemes where a given BS with several tens or even hundreds of antenna elements communicates simultaneously with several tens of MTs are being proposed for 5G systems [2] . Although the potential capacity gains can be very high, the implementation complexity of MIMO schemes grows very fast with the number of antenna elements. Therefore, massive MIMO schemes cannot be regarded as a scaled version of conventional MIMO schemes, and low-complexity implementations are required [3] .
Although originally proposed for flat fading channels, MIMO techniques were later extended to frequency-selective channels [4] , [5] . Orthogonal frequency division multiplexing (OFDM) [6] techniques allow the decomposition of a wideband, frequency-selective channel into a set of narrowband flat-fading channels which greatly simplifies the equalization procedures at the receiver. For this reason, MIMO-OFDM techniques arise naturally, allowing the exploitation of the advantages of both MIMO and OFDM in an unified way, being adequate to achieve high data-rates in hostile wireless propagation scenarios where there is frequency-selective fading [7] . For this reason, MIMO-OFDM schemes were selected for several broadband wireless systems such as WiFi 802.11ac [8] and 4th generation cellular systems [9] .
However, OFDM signals are known to have substantial envelope fluctuations, which leads to amplification difficulties, a problem that can be aggravated in MIMO-OFDM schemes [10] . In the last years, several techniques to combat the large envelope fluctuations of OFDM signals have been proposed [11] , with the simplest ones based on nonlinear clipping operations [12] , [13] . In this paper, we consider the impact of nonlinear distortion effects on the capacity of MIMO-OFDM systems. It is shown that, for a fixed number of independent data streams, the robustness to nonlinear distortion effects increases with the number of transmit antennas.
The notation is as follows: italic letters denote scalars. Bold letters denote matrices or vectors. Capital letters are associated to the frequency-domain and small letters are associated to the time-domain. (⋅) denotes the transpose operator. The probability density function (PDF) of the random variable , ( ), is simply denoted by ( ).
[⋅] denotes the average value.
II. SYSTEM CHARACTERIZATION This section describes the nonlinear massive MIMO-OFDM scheme adopted in this work. We consider a downlink scenario where transmit antennas communicate with receive antennas. The channel is frequency-selective and based on a cluster ray model where the antennas have a correlation factor . The total number of multipath components is = × , where is the number of clusters of rays. The channel is represented by the × matrix
where is delay for the th path and
is the channel matrix associated to the th tap, where
, is the fading coefficient between the th receive antenna and the th transmit antenna. Each OFDM block is formed by = min( , ) streams with subcarriers and is represented by the × matrix
. . .
This matrix can be decomposed along its lines or its columns. On one hand, we use the
⋅ ⋅ ⋅
( ) ] to represent the set of data symbols associated to the th stream. On the other hand, we use the
to define the set of data symbols associated to the th subcarrier. Regarding the composition of each OFDM signal, only of the subcarriers are effectively used to transmit data. The other = ( − 1) subcarriers are left idle so as to obtain an oversampling operation by a factor of . Therefore,
2 for ∈ and ( ) = 0 for ∈ . Since we are interested in the system's capacity, we will consider the use of a singular value decomposition (SVD) technique [14] [15] (naturally, this requires perfect channel knowledge at both the transmitter and the receiver). This means that there will be a precoding operation at the transmitter and decoding operation done at the receiver, both of them fulfilled at the subcarrier level. With the SVD, the channel matrix associated to the th subcarrier is decomposed as
where U( ) and V ( ) are the matrices used for the decoding and precoding processes, respectively.
with V( ) denoting the precoding matrix with dimensions × . The time-domain version of X( ) is obtained through an inverse discrete Fourier transform (IDFT), i.e.,
. After the precoding operation, the resulting signal is submitted to a nonlinear power amplifier (PA), and the output is y ( ) = (x ( ) ). The nonlinear PA is modeled as a bandpass memoryless nonlinearity, characterized by the amplitude modulation/amplitude modulation (AM/AM) and amplitude modulation/phase modulation (AM/PM) conversion functions (⋅) and Θ(⋅), respectively. For a given input
Without loss of generality, we considered the specific model of a solid state power amplifier (SSPA) [16] . This amplifier has negligible AM/PM characteristic and AM/AM characteristic given by
where denotes the saturation level (naturally, the performance will be conditioned by the normalized saturation level / , where is the variance of the real and imaginary parts of the precoded OFDM signal) and defines the sharpness of the transition between the linear and nonlinear regions. When = +∞ the amplifier turns into an ideal envelope clipping with clipping level . Due to the Gaussian nature of the precoded OFDM signal at the nonlinearity input, one can take advantage of the Bussgang's theorem [17] . This allows us to decompose a nonlinearly distorted Gaussian signal into two uncorrelated components: a useful component that is a scaled version of the input signal and a term that concentrates the nonlinear distortion. Therefore, we may write the nonlinearly distorted signal at the output of the th PA as
where
is the set of nonlinear distortion terms of the th branch and ( ) is the scale factor associated to the th branch that can be obtained as
In fact, since it is assumed that the nonlinear characteristics of the power amplifiers are equal and the power of precoded signals is the same for all branches, the scale factor of (10) is independent of and transform (DFT) of (8) yields the frequency-domain version of the signal to be transmitted
Once again, from the Bussgang's theorem, we can separate Y ( ) into two uncorrelated components, leading to
represents the nonlinear distortion terms along the th branch. Under these conditions, the nonlinearly distorted signal for the th subcarrier 2 is
The nonlinearly amplified signals are transmitted through the frequency-selective channel represented in (1). Since the th channel is represented by H( ), the received signal is
represents the noise components associated to the th subcarrier. The power of the noise is [| ( ) | 2 ] = 2 2 , with 2 defined according to the desired signal-to-noise ratio (SNR). Our SNR definition accounts for the impact of the nonlinear distortion effects and is dependent on the fraction of power wasted in the nonlinear distortion term. This "degradation" is measured by the ratio
− represent the useful power and the power associated to the nonlinear distortion component, respectively. Therefore,
By using (11) 
in (12), we have W( ) = H( )( X( ) + D( )) + N( ).
To complete the SVD process, the received signal W( ) is decoded by the matrix U ( ), leading to
The decoded signal can be written as
. 2 In the remaining of the paper, our analysis is focused on the subcarrier level.
From the above equation, one can note that the SVD decomposition allows the transmission of decoupled flat-fading OFDM streams that can be analyzed separately. The singular value Λ( ) represents the flat-fading coefficient associated to the th stream of th subcarrier. The complete subcarrierlevel model for the nonlinear massive MIMO-OFDM system considered in this work is depicted in Fig. 1 .
III. CAPACITY OF NONLINEAR MASSIVE MIMO-OFDM SYSTEMS
As is widely known, the channel capacity is the tight upper bound on the rate at which information can be reliably transmitted over a communication channel. In this section, we derive expressions for the channel capacity considering the nonlinear massive MIMO-OFDM system described previously. For a nonlinear single input single output OFDM (SISO-OFDM) transmission in ideal additive white Gaussian noise (AWGN) channels, the received signal for the th subcarrier is [18] , [19] ( ) = ( ) + ( ) + ( ), where ( ), ( ) and ( ) are the transmitted signal, the distortion signal and the noise signal for the th subcarrier. Therefore, the corresponding signal to interference and noise ratio (SINR) for the th subcarrier is [13] 
For large SNR values (i.e., [| ( )| 2 ] → 0), the SINR reduces to the signal to interference ratio (SIR) and, for the th subcarrier, we may write
Let us now focus on the nonlinear massive MIMO-OFDM system. We will start by obtaining the SINR for the th subcarrier of the th stream considering a given channel realization. In order to do that, we write the received signal for the th subcarrier of the th stream as (see (15))
Under these conditions, the SINR for the th subcarrier of the th stream is
However, when > , it can be shown that [20] [21]
In fact, (20) reveals that there is a linear relation between the spectral distribution of the nonlinear distortion term in each one of the streams and the nonlinear distortion term associated to a nonlinear SISO-OFDM system. This relation is approximately / , which shows that the robustness to nonlinear distortion effects increases with (considering a fixed number of streams). Fig. 2 shows the spectral distribution of the nonlinear distortion term concerning the first stream 
. In contrast, the spectral distribution of the nonlinear distortion term decreases by a factor of / = 1/2 when = 16 and / = 1/4 when = 32, which confirms that the distortion level can be greatly reduced when ≫ . Therefore, (19) can be rewritten as
The capacity associated to the th subcarrier of the th stream is
The total capacity associated to the th subcarrier is
and average capacity of the block for a given channel realization is
Therefore, the total capacity can be obtained by averaging (24) over the channel realizations (i.e., over H), that as the number of transmit antennas increase, not only the linear channel capacity increases (as expected), but also the capacity associated to the nonlinear massive MIMO-OFDM increases. In fact, the "floor level" of the nonlinear channel capacity increases due to the fact that the PSD associated to the nonlinear distortion term decreases with for a fixed number of streams. For low SNR, it should be pointed out that the linear and nonlinear channel capacities are not exactly equal. The difference between them is related with the fraction of power wasted in the nonlinear distortion component (see (13) ). Fig. 4 shows the evolution of considering different saturation levels and different values of . As expected, the stronger the nonlinearity the larger the degradation, since the distortion component is higher (moreover, there is more power wasted in its transmission, i.e., decreases). When an ideal envelope clipping is considered (i.e., for = +∞), the degradation with / = 0.5 can be 0.5 dB. the evolution of the linear and nonlinear channel capacities for = 8 and = 32 considering an SSPA with = 1 and different saturation levels. From the figure it can be noted that the larger the saturation level, the better the capacity. In fact, the capacity floors increase substantially with / . 
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IV. CONCLUSIONS
In this paper we studied the impact of nonlinear distortion effects on the capacity of a massive MIMO-OFDM system. We presented an analytical method for obtaining the capacity conditioned to a given channel realization. As expected, the capacity decreases as we increase the nonlinear distortion effects. However, for a fixed number of independent data streams, this capacity degradation can be compensated by increasing the number of antennas at the transmitter side.
